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A TWO-GRID FINITE DIFFERENCE SCHEME FOR NONLINEAR PARABOLIC
EQUATIONS *

CLINT N. DAWSON ', MARY F. WHEELER ' AND CAROL S. WOODWARD #

Abstract. We present a two level finite difference scheme for the approximation of nonlinear parabolic
equations. Discrete inner products and the lowest order Raviart-Thomas approximating space are used in
the expanded mixed method in order to develop the finite difference scheme. Analysis of the scheme is given
assuming an implicit time discretization. In this two level scheme, the full nonlinear problem is solved on a
“coarse” grid of size H. The nonlinearities are expanded about the coarse grid solution and an appropriate
interpolation operator is used to provide values of the coarse grid solution on the fine grid in terms of
superconvergent node points. The resulting linear but nonsymmetric system is solved on a “fine” grid of
size h. Some a priori error estimates are derived which show that the discrete L°°(L?) and L*(H") errors
are O(h* + H*=%/? 4 At), where d > 1 is the spatial dimension.

Keywords: error estmates, finite differences, mixed finite elements, nonlinear, superconvergent

AMS(MOS) subject classification: 65M06, 656M12, 656M15, 65M55, 656M60, 35K55

1. Introduction. In this paper, we consider a finite difference scheme for the solution of the nonlinear

parabolic differential equation

) & ¥ (K(xp)Vp) = £(t,%) in (0,7] x 9,
©) p0,%) =) ©,
Q ~(K@)Vp) v =gon (0,7] x,

where 2 is a rectangular domain in R (d =1, 2 or 3) with boundary , , v is the outward, unit, normal
vector on , , and K : @ x R — IR**? is a symmetric, positive definite second order diagonal tensor; that is,
K = diag(Ky),l=1,...,d.

Equation (1) arises in many applications. Our particular interest is to view (1) as a simplification of
Richard’s equation, a nonlinear parabolic equation arising in the modeling of flow through porous media.

To avoid time-step constraints, it is often preferable to solve (1) implicitly in time. However, for fine
meshes, the resulting large systems of nonlinear equations can be costly to solve. In order to decrease the
amount of work necessary to solve (1), we consider a two level method where the nonlinear problem is solved
only on a coarse grid of diameter H and a linear problem is solved on a fine grid of diameter h << H. On
the fine grid, we approximate K (p) by a first order Taylor expansion about the solution from the coarse
grid. Thus, instead of solving a large nonlinear problem on the fine grid, we solve a small nonlinear problem
on the coarse grid and a large linearized problem on the fine grid.

This work is motivated by the work of Xu [11, 10] for Galerkin procedures applied to nonlinear elliptic
equations and the work of Dawson and Wheeler [4] for the expanded mixed finite element method applied to
nonlinear parabolic equations. Xu was the first to analyze two level methods applied to nonlinear differential
equations. He showed optimal estimates in both H' and L? norms for both grids in the case of Galerkin
finite element methods. Dawson and Wheeler showed optimal H' and L? estimates for the coarse and fine
grids, and for the case of the lowest order Raviart-Thomas space, they showed superconvergence results for

the coarse grid in both norms. In this paper, we demonstrate superconvergence on the coarse grid for the
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lowest order Raviart-Thomas space with special quadrature rules, which give rise to a nonlinear cell-centered
finite difference method on the coarse grid. Using these superconvergence estimates along with interpolation
operators and quadrature, we are able to show superconvergence of the pressure and flux in discrete L>
and H' norms also for the fine grid scheme. The fine grid scheme is a linear finite difference method. We
consider finite differences in this paper since these schemes are of practical use in implementation.

Before analyzing the convergence of our two level method, we develop estimates of the expanded mixed
finite element method with quadrature applied to a linear parabolic equation. Estimates for this method
have been shown for linear elliptic equations in [1]. The estimates we derive show superconvergence of fluxes
and pressures in discrete norms. We also bound the error in the time derivative of the solution. For the
case of a diagonal, positive definite tensor, the scheme we analyze reduces to a cell-centered finite difference
method, and our results are equivalent to those for the difference scheme [9]. This is the case we analyze
here in the context of expanded mixed methods. However, our method does not require the inverse of the
tensor K, and thus can be defined for the case of semi-definite K.

This paper is organized into five sections. We establish notation and some basic approximation results
in Section 2. The coarse grid scheme is presented in Section 3 along with optimal order error estimates. The
fine grid scheme with error estimates is presented in Section 4. In Section 5 we give conclusions, remarks

and extensions of this work.

2. Notation and Approximation Results. In this section we define some notation. Let 0 = ¢° <
t' < --- <tV = T be a given sequence, At™ = t" —t" "', At = max,, At", and for ¢ = ¢(t,.), let ¢" = ¢(¢",.)
and

n _ gn—1
dt¢n = 74]) A:I:L .

Let LP(Q) be the standard Banach space with norm,

1/p
||U)||Lp(Q) == </ |w|de> .
Q

For simplicity, let (.,.) denote the L?(Q) inner product, scalar and vector. Let Wy (Q) be the standard

Sobolev space

Wy () = {f : Ifllws @ < oo}
where,

1/p

Il = D ID IR q)

lo| <k

Let H, () for s a positive integer be the Sobolev space, W5 (€2). Denote the inner product for the Hs Sobolev

space as,

(f’g)S: Z /Daf'Dang:

laf<s €

where f,g € Hs(Q). Finally, we denote by C”!(Q) the space of functions whose p-th spatial derivative is
Lipschitz continuous.

For X(§2) any of the above spaces and [a,b] C [0,T7], denote by || - ||y (4 px) the norm of X-valued
functions f with the map t — ||f(-,t)||x belonging to Wk (a,b).
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Let V = H(Q,div) = {v € (L*(Q))?: V-v € L*(Q)} and W = L*(2). We denote the subspaces of V
containing functions with normal traces weakly equal to 0 and g™ as V° and V", respectively.

We will consider two quasi-uniform triangulations of €2, a coarse triangulation with mesh size H denoted
by 7w, and a refinement of this triangulation with mesh size h denoted by 7. Both of these triangulations
will consist of rectangles in two dimensions or bricks in three dimensions. We consider the lowest order

Raviart-Thomas-Nedelec space on rectangles, [8, 6]. Thus, on an element E € Ty, k = h or H, we have
Vi(E) = {(c1z1 + b1, @222 + P2, azzs + ﬂg)T :aq, B € R},
Wi(E)={a:a €R},
where the last component in Vj should be deleted in two dimensions. Define Vko =V°NV; and Vit =VvV"nV;.
We use the standard nodal basis, where for V}, the nodes are at the midpoints of edges or faces of the
elements, and for W the nodes are at the centers of the elements. We denote the grid points of the fine
grid by
(zi+1/2)yj+l/2))i = 0) s 7Niﬂaj = 0) cee 7Ny)
and define

i = =(Tig12 + Tic1y2),i=1,..., Ny,

Ll CY

Yi = 5(%41/2 +yj71/2),j =1,..., Ny,

hiji2 = @it1 —wii=1,..., Ny — 1,
W rse = e =y =1, Ny = 1,
hi =412 —xi—1y2,8=1,..., Ny,
WY = yiirys = Yim1/ond = 1,ee o Ny,

h = max(hf, B),
,]

with corresponding notation for a third dimension. For the coarse grid, similar quantities are defined, but
the number of points in each direction are notated as ]\7@ and Ny.

We define discrete inner products corresponding to applications of the midpoint (M), trapezoidal (T)
and midpoint by trapezoidal (TM) quadrature rules by

No Ny
(r,s)m = Z Z hihirijsij,
i=1 j=1
N, Ny N, Ny
(v,@)rv = Z Z hiv1/2hf Vi 2 Qivaye; + Z thh?+1/2”?j+l/2q?j+l/2’
i=0 j=1 i=1 j=0
Ny Ny 1
(v,q@)r = Z Z h§+1/2hjy'E(Uf+1/2j71/2ng+1/2j71/2 + Uf+1/2j+l/2qgt+l/2j+l/2)
i=0 j=1
No Ny 1
+ Z Z WhG 112501 o0 8im1 25417 F Vi o128y 2)s
i=1 j=0
where we add a third sum in each for the case of three dimensions. We denote the associated norms by
|-[lr, where R = M, T or TM and by Er(q,r), the error in approximating an integral by the given rule,
ie. Er(q,r) = (q,r) — (q,r)r. The error in approximating an integral by either the trapezoidal or the
trapezoidal by midpoint rule is [3],

4) Bala vl <0 Y S I (@)l

Ec€Ty |a|=2
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For any ¢ € L*(Q) we let ¢; denote the L? projection of ¢ onto Wi, i.e.

(5) (¢,w) = (b, w), Yw € Wi.

This L? projection operator has the following approximation property for ¢ € HY (),

(6) 1 — Il < Cllgll;K", 0<j <1,

for k =hor H.
Associated with the RTN mixed finite element spaces is the projection operator II : (H'(Q))¢ = Vi,
defined by,

(7) (V-Hq,w):(v-q,w), V’lUEWk,
with approximation properties,

(8) lla —Hqll < Cllqll:k,
9) IV-(q—Tq)|| < C|IV - qll: k.

Furthermore, by the definition of IIq and the midpoint rule of integration, we have that the error in the first

component of the projection evaluated at the center of a gridblock side is given by,
(10) ()" = 4" |(@i41/2,y5) < CR*[la" lwge (-

Using this estimate, we can bound the L® norm of the projection by,

(11) g — qllz= (@) < Chllallwg o)

In the expanded mixed formulation of (1), we define the variables @ = —Vp and u = K(p)a. The

following analysis will use the estimate [5]
(12) [Tu" — u®|lry + |I&" ~ @"[lrn < CK?[Jll2,

where, again, we let k = h or H.
We will also make use of the following lemma proven in Arbogast, Wheeler and Yotov [1].
LeEMMA 2.1. For the lowest order RTN spaces on rectangles, for any q = (¢%,¢%) € H'(Q) and E € T,

9 aq”

13 H— Mq)® < ‘ 9¢ ,

(13) aa:( Q) o T .
E) dq"

(14) H—(Hq)y <ll=- :
0y L2(E) 0y || 2 ()

In the following arguments, C' will represent a generic constant independent of H,h and At. We will
use the standard inequality,

L

d.24
2% T35

(15) ab < b’ a,b,0 € R, § > 0.
3. A Coarse Grid Nonlinear Finite Difference Scheme. In this section we develop and give
convergence estimates for a nonlinear cell-centered finite difference scheme on the coarse grid. For simplicity

we consider two dimensions and note that extensions to three dimensions are straightforward.
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3.1. Definition of the Scheme. The variational formulation of (1) at time ¢™ uses the auxiliary

variables, " and u" defined by,

u" =-Vp",
u" = K(p")a".

Thus, our problem is to find (p™,a",u") € (W x V x V") satisfying

(16) (p¢,w) + (V- -u",w) = (f",w), Vw € W,
(17) @",v)=p",V-v), ¥ve V°
(18) (u",v) = (K(")a",v), Vv eV,

We choose cell-centered finite difference approximations Pj € Wy, U% € Vi and U} € Vi to the
functions p(t",.),a(t",.) and u(t",.), respectively, for each n =1,..., N, satisfying

(19) (de P, w) + (V- Up,w) = (f*,w), Yw € W,
(20) (U4, v)rm = (PR, V- v), Vv e V],
(21) (U, v)rm = (K (P (PR))UY,v)r, Vv € Vi,

and we take Py = pm (1507 .). This scheme is based on an expansion of the standard mixed finite element
method that was formulated for linear elliptic problems in [1].

We define Py (p) from the values of p;; fori =1,..., N, and j=1,... ,Ny as follows. For points (z,y)
such that z; <z < @41,4 € {1,..., Ny} and y; <y < yjr1,j € {1,...,N,}, we take Pr(p)(z,y) to be the
bilinear interpolant,

Tiy1 — T T —x; Yi+1 — Y
Pu(p)(z,y) = (Pij(ix;l —) +pi+1j(x-+1 _lz_ y_JH —
i i i 3 ) J
Tit1 — T T —z; Y=y
+(pij ——) + Di+1j .
(p ]+1(zi+1 — zi) P +1J+1(xi+l )Gz yj)

Forizl,...,]\?w—l,weset

(2H} + HY)pi — HYpi»
HY + HJ '

Pu(p)(i,y1/2) =

This is a two point extrapolation, and by Taylor’s theorem we have |(Pm(p) — p)(:,y1/2)| = CH?. For
points (z,y) such that ; <z < ;11 and y1,»> <y < y1, we define Pr (p) as the bilinear interpolant between
pi1,Pit1,1, P (p)(Ti,y1/2) and Py (p)(zit1,y1/2). By interpolation theory |Pg(p) — p| = CH? for these
points. In a similar way we can define Py (p) for (z,y) such that z; < z < x;41 and Yn, <Y S Un, 4172
as well as for points (z,y) where z,/, <2 < 21 or ry <z < Ty, 41/2 and y; <y < y;+1 for j such that

1<j< Ny. Lastly, we define Py (p) at the corners of the domain. Here, we use three point extrapolation,

PH(p)($1/27 y1/2) = PH(p)1,1/2 + PH(p)1/2,1 — P11
=p1,1/2 + P1/2,1 — P11+ O(HQ)-

By Taylor’s theorem, |(Pu(p) — p)(21/2,y1/2)] < CH?. For points (z,y) such that z,/» < z < z1 and
yi2 <y < y1, we define Pu(p)(z,y) as the bilinear interpolant of Pu(p)(x1/2,y1/2), Pu(@)(x1/2,y1),
P (p)(z1,y1/2) and p1,1 which is an O(H?) approximation to p(z,y) within this “corner region”. Similarly,
we can define P (p) as an O(H?) approximation to p in the other three “corner” regions.

We summarize the above in the following lemma.
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LEMMA 3.1. If p is twice differentiable in space, then for Pu(p) defined above,

IPu(p) — pllo < CH.

If a uniform mesh is used and K is a diagonal tensor, equations (19)-(21) reduce to a standard nonlinear
finite difference procedure. Denoting Pz by P", we have in the interior of :
n n—1 H2 1 n n n n
fldz + Pj; A 5[(K11('PH(P Nivis2i41/2 + Kin(Pu(P"))iv1/2i-172)(Pij — Pikay)
+(EK11(Pua(P™))ic1/2j4172 + Kin(Pu(P™))iz12j—172) (P} — PlLy;)
+(K22(Pa(P"))it1/2j+172 + Koo (Pa(P™))i—1/2j4+1/2)(Plj — Pli41)
+(K22(Pa(P™))it1/2i—-172 + K22 (Pua(P™))i—1/2j-172)(Pi; — Pij_1)]
H2

= pr
+At “

Existence and uniqueness of a solution to this discrete nonlinear problem is given in the following
theorem.

THEOREM 3.2. Assume f™ € L?(Q) for each n and K is continuously differentiable in its arguments.
Then, for At sufficiently small, there exists a unique solution to equations (19)-(21).

Proof. We are seeking a unique solution to the nonlinear equation F(P") = 0, where F(P") =b"+P"+
%A(P")P". Here, b"™ is a vector whose entry corresponding to grid cell (z;,y;) is —% fnij biH —Pi’;.’l, Pis
a vector whose ijth entry corresponds to the value of the scalar variable P;; and A is a matrix function of P"
given by the stencil above. By Theorem 5.4.5 of Ortega and Reinbolt [7], if F' is continuously differentiable
and uniformly monotone on IR", then a unique solution to F(P") = 0 exists. It is easily verified that the
F' defined above is continuously differentiable. In order to prove that F' is uniformly monotonic we note
that uniform monotoncity is equivalent to positive definiteness of the Jacobian, J = F’, and that a real
matrix J is positive definite if and only if its symmetric part, (J +J7)/2, is positive definite [2, Lemma 3.1].
Furthermore, we know that if a matrix is stricly diagonal dominant with positive diagonal entries, then the
eigenvalues of the matrix have positive real parts [2, Theorem 4.9]. Now, J =1+ %A(P") + %A'(P")P".
Thus, with % sufficiently small, we have that the symmetric part of J has positive real eigenvalues and,

hence, is positive definite, making J positive definite and F uniformly monotonic. 0O

3.2. Preliminary Estimates. Before we show convergence estimates for this finite difference scheme,
we show convergence for a related linear scheme. The arguments given below closely follow those of Arbogast,
Wheeler and Yotov [1] except that we extend their work to time differenced time dependent problems. In
order to derive these estimates we make the following smoothness assumptions:

(S1) f € WL(0,T;L3(9),
(S2) Ku(x,p) €C'(AxR)NWE(Q2xTR),[=1,...,d, K and 6;2’ are uniformly Lipschitz functions of p.
(S3) There exist positive constants K. and K* such that for z € R?,

(22) K.|2||* < 2'K(x,p)z < K*||2|*, forx € Q, p € RR.
(S4) p e WX (0,T;C*1 (),
(S5) u, @ € Wi (0,T;C'(2))! N WL (0,T; W ()"
THEOREM 3.3. For eachn=1,... N, let (B%,QZ,QZ) € (Wu x Vi x Vi) satisfy
(23) (V-U% w) = (b",w), Yw € Wx,
(24) (@5, v)rm = (P}, V -v), Vv e Vg,
(25) (U, v)rm = (K (Pu(p™) Uy, v)1, ¥v € Vi,
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with b™ = f™ — p} and PY = p%. Then, under the assumptions (S1)-(S5),

(26) 0% —u"llrst + |0 — & [lem < CH?,
(27) 125 —p"llm < CH?,
(28) |de Py — dep™ [l < C(H? + At).

In order to prove this theorem, we will first prove two preliminary lemmas.
LEMMA 3.4. There exist U™ € Va,P*" € Wg,Z"" € Vj, Z*" € Vg and W*" € Wx such that

(29) ("™, v)rm = (P, V - v), Vv € Vg,
(30) (Z*",v)rm = (W™, V -v), Vv € V3,
(31) (Z°" v)rm = (K(™)Z"",v)r + (K(»"):U"",v)r, Vv € Vg,
and

(32) P = piy| < CH?,
(33) Wi = bl < CH?,
(34) |ﬁ:,’in+l/2j - ﬂz,i+1/2j| + |ﬁ;:z‘nj+1/2 - ﬂg,ij+1/2| < CH27
(35) |Z;:?+l/2j - ﬂzw,i+l/2f| + |Z;,,inj+1/2 - ﬂ?,y,ij+l/2| < CH27
(36) |Z::in+1/2]— — Uy ir1/25] + |Z;:?j+1/2 —ugy 4172 < CH”.

Here the subscript ¢ denotes time differentiation, and the non-bold z and y subscripted variables denote
z and y vector components.

Proof. Arbogast, Wheeler and Yotov [1] present a lemma which gives the desired P*™ and U*" above.
In order to derive (33) and (35), we apply a lemma due to Weiser and Wheeler [9] to the solution pair
(4}, pt) satisfying the elliptic problem

V- = F",in Q,
ﬁ? = —Vp?,ill Q,

n n a "
pr =G Ea—f |ac, on 9,

where F™ = f* 4+ p%. This result gives a W*" satisfying (33) and through (30), Z*" satisfies (35) in the
interior of Q. Define Z on , by,

Z*,n _~n
e,it+1/25 — Wtx,it1/25

Zm _
yij+1/2 = WYty ij+1/2-

Then, (35) clearly holds on , .

Choosing v in (31) to be the basis function associated with node (z;11,2,¥;), we havefor i =1,..., N, —
1,
*,m 1 n n 7 %,n
Z, i1y = E[Ku(P i+1/2j+1/2 + K11 (p )i+1/2j—1/2]zz,i+1/2j
1 -

+§[K11(Pn)t,i+1/2j+1/2 + K11 (p")eyiv1/2j-1/20U 1 o)
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Since uy = K(p™)a; + K(p™):0", Taylor’s theorem gives fori =1,..., N, — 1,

n ]‘ T T ~T
W zit1/25 — E[Kn(p )i+1/2j+1/2 + Ku(p )i+1/2j—1/2]ut,z,i+l/2j

1 ~
+§[K11(Pn)t,i+1/2f+1/2 + K1 (p")tig1/2j—1/2]000 i1 /25 + O(H?).
Therefore,
*,1 n 7%, ~n 2
|Zz,i+1/2j - ut,z,i+1/2j| S C|Zx,i+1/2j - ut,z,i+1/2j| + O(H )

*,N
y,ij+1/2
We can now extend a corollary from Arbogast, Wheeler and Yotov [1] to give: For the U™, P*" Z™" Z*"

and W*" in Lemma 3.4, there exists a constant C, independent of H, such that

In a similar manner we can bound |Z =/, ii+1/2], and (36) follows. O

|G — @"||rm < CH?,
1Z" — @} |lrm < CH?,
1Z*" —uf|lrm < CH”.

LEMMA 3.5. There exists a constant C' independent of H and At such that

(37) IV - (dea" — d:U})|| < CH,
(38) [de@” — de Ty |lru + |ldew”™ — de U lom < C(H® + At).

Proof. To prove this lemma, we consider the time difference of (16)-(18),

(39) (V- dia™,w) = (deb",w), Yw € W,
(40) (dia™,v) = (dep™, V - v), Vv e V°,
(41) (dea",v) = (d(K(p™)T",v) + (K(p"~)di@t", v), Vv €V,

and the time difference of (23)-(25),

(42) (V- d U}, w) = (db"™, w), Yw € W,
(43) (d: 0%, v)rm = (de P,V - V), Vv € V3,
(44) (U, v)rm = (de(K(Pu (™) U, v)r + (K (P (" ")diTy, v)r, Vv € V.

We subtract (42) from (39), and we subtract (43) and (44) from (30) and (31) to give

(45) (V- (den" = deUY), w) =0, Yw € W,
(46) (Z" — d, T, v)rm = (W™ —d, P,V -v), Vv € Vg,
(Z™" — d: U, v)rm = (K(p™)Z™" — K(Pu(p" ™) d: 0y, v)7
(47) +(K(p"): 0" = di(K(Pu (p™)) Uy, v)r, Vv € Vi

Using (45) and applying the Cauchy-Schwarz inequality we have,

IV - (dea” = d:UR)||” = (V- (deu” = dUF), V - (deu” — deu™))
<V (dea® = dU)|[IV - (deu” = TIdea” ).

Thus, by (9) the first part of the lemma is obtained.
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Now, let v = IId;u” — d; U in (46) and v = Z*" — d;U}, in (47), use (45) and combine to get
(K(p"Z"" — K(Pu(p"))d:0y, 27" — di0y)r
=— (2" - 4,0y, Odpa" — d,UY)rm + (27" = d U, Z°" — di Oy )rm
(48) — (K (p") 0" — diK(Pr(p") Uy, 27" — diT)r.

Adding (K(Pu(p"~1))Z*",Z*" — Uy )t to both sides of (48), using the boundedness assumption on K,
Taylor’s Theorem, the Cauchy-Schwarz inequality and (15) we have

12" = d: 0 llrm < C(IHden™ = Z7" [lrw + AT | ru
Hide(K (") = K(Pu (p") 0" |Ir
H|deK (Pr (p™) (T = Typ)lir + C(H? + A)||Z""||7).

Taylor’s theorem, the estimate (12) and Lemma 3.4 imply that ||TId;u™ — Z*"||tm < C(H? + At). By
Lemma 3.4 ||[U*"||rm and ||Z*" ||t are bounded. Thus, by Taylor’s theorem, the smoothness assumptions,

and approximation properties of Py,
(49) 1Z°" = a0 llem < C(H? + At + ([T = Ty |v).

By results from Arbogast, Wheeler and Yotov [1], |[U*" — U}, ||r < CH?. Hence, by the triangle inequality

and Lemma 3.4,
ldia™ — d: U |lom < C(H? + At).
Now, let v =Z"" — d,U% in (47) and use the Cauchy-Schwarz inequality to get

1Z°" = dU llem < NIK(p™MZ™" = K(Pu(p"~))dely lIr
HIK (p"): U™ — do(K (P (p)) Tyl

By Lipschitz continuity of K and K, Taylor’s theorem, the approximation properties of Py and the bound-

edness of py,

1Z°" - de T llrm < (K (") = K(Pu (0"~ ))Z™" | + 1K (Pr (p" ) (Z™" — deT,)||T
HI(K(P")e — deK (Pu (p™)0"" v + |de K (P (p™)(T™" = T )|
< C(H? + At).

The triangle inequality and Lemma 3.4 result in,

ldeu™ — di U ||rm < C(H? + At).

REMARK 3.1. By the inverse assumption, equivalence of norms on Vi, and (12) we have

Tl < 10 = Ta" oo + Q" = @ [loo + 18"
< CH |0y — Ta"||vm + [[TTE" — " [|oo + |5 [|oo
< C(H “*H*+ H +1),

Thus, || Uy ||eo is bounded.
Proof. (Of Theorem 3.3) Results (26) and (27) have been proven by Arbogast, Wheeler and Yotov [1].
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In order to derive (28), we subtract (43)-(44) from (40)-(41) and use the definition of the L? projection

to give

(50) (dett" — d 0y, v) + Brm(di0,y,,v) = (diply — diPy, V- v), v € Vi,
(dea" — d U}y, v) + Era(diUy, v) = (de(K (p™)@" — de(K (Pr(p")) Ty, v)
+H(E (""" — K (P (p"™"))dely,v)
+Er(d(K(Pu(p") Ty, v)
(51) +Er(K(Pu(®" " ))d:Uy,v), v € Vi,

Let ¢ satisfy the auxilliary problem with p™ € L*(Q)

(52) —-V - K(Pu(p" ')Ve¢" =p", Q,
(53) —K(Pu(" )Ve"-v =0, ,.

Elliptic regularity implies that

(54) 6" 12 < Cllp"™I.

By equations (52) and (50) and the definition of II,

(depfr — de Py, p")
—(depy — de P}y, V- TIK (P (p" ™)) V™)
—(di@" — &, 0, K (Pu(p"~1))Ve")
—Erm(deUY , TIK (Pu (p" ")) Vo™)
—(dett" — d Uy TIK (P (p" ™) Ve" — K(Pu (")) V™)
—(K(Pu(p" "))(dii" — d,Ty), Ve" —TIVe™)
—(K(Pu(p"")(diii" — d,Ty), TVe")
(55) —Bru(diy,, IK (Pu (p"1))Ve").
By (51)
—(K(Pu(p" ")) (di" — dT}), V") = (K(p" ") = K(Pu(p"")))deli", IV ")
—(du"™ — d, U}, TIV")
+(de(K(p"))T" — do(K (P (p™))) Ty, TIVS")
—Emu(d: U}, IIVe™)
+E1(dy(K(Pu (p™))) Uy, IVY™)
(56) +Er(K(Pu(p"~"))d: 0}, IVY").

We also have by integration by parts, (45) and (47)

—(dtlln - dtg;}, HV¢")
_(dtun — dtQZ, Hv¢n — ngn) — (dtun - dtgz, ngn)
(57) = —(deu" — d; U}, TIVG" — V§") + (V - (deu” — d:U}), " — $r).

Furthermore, we can write

(d:K(p")0" = d:K (Pr(p") Uy, V") = (d:K (p") — de K (Pr (p7)))0", TIVS")
(58) +H(d K (P (p™)(@" — Ty), IVe").
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Using (4) gives

T’ n n 0~ Fr’ n n 2
E IIK < — -IIK H
R E ) | g @i - rywen)|
<C 4 Z (K (p")Ve"™)*
- Z( Ox Ham( ®")Ve") L2(E)
E Lz(E)
9d. 0, 9 o
(59) THZ’ a—(HK(P )Ve")! H?.
y LZ(E') y L2(E')
By Lemma 2.1 and the inverse inequality we have
ad:. U}, , 9, ~n d
—r < ||==(d: Uy, , — Iday —IId:ug
or - Hax( t=Ha i) L2(E) ‘31‘ tHe L2(E)
L2(E)
~n _ 19}
~n 1 ~n
< I}, ~ M oy B+ | 5 diiis o
(60) < Olldi0yy — Mded" |2y H '+ |G |5

Since dtﬁz and I[IK (p™)V¢™ are in Vg, by (59) and the Cauchy-Schwarz inequality,
(B (0, K (p")V6")| < € S (14T = T |2y + 14" |1, E) 6" |2, H
E
(61) < C(||deTy; — Tde@" o + [|de" (| H)[| 6" [l H.

As done above and noting that K has bounded second derivatives,

(62) |Erm(di Uy, V™) < C(||d: Uy — Hdeu”{lo + [|deu” (|1 H)||¢" [|2 H,
(63) |Bx(de(K (Pu(p") Uy, IVE™)| < (C + At)(1T; — 110" Jo + 6" 1 H)|6" |2 H,
(64) |Ex(K(Pu (")) d:i Uy, IVY")| < O(de 0} — dei"[Jo + [|dea”™ |1 H)||6" |2 H,

where C in the second and third inequalities depends on K~.
Combining (55) with (56)-(64), applying approximation properties of the L? and II projections, using
Lemma 3.5, and equations (26) and (12) gives

(depis — de Py, p")
< || dett™ — d: T, [||ITTK (p") V" — K(p")Ve"||
HIK Py (" ")) (deia" — dTy)|[| V4" — TIV™ |
H(deK (p") — de K (P (p™)))a" |[[TIV " |
Hde K (Pr(p™)) (@™ — T°)||[TIV"|
HI(K @) = K(Pa(p" ™))" || |[TTVe"
+llde" — & U} [[[TIVY" — V" ||
HIV - (den” = dU)le" — o3l
Hde(K (p™)a" — di(K (Pa(p™) U [IITIV™ |
+|Ern(d: Oy, TIK (p")V¢™)| + | Erna (d: Uy, TIVG™)|
+|Er(di(K (Pu(p) 0, TIVG™)| + |Ex(K (Pu(p"~*))diT;, TIVG")|
< C(H? + A)||6" |2
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Applying equation (54) and taking p" = dip" — d; P} we have

(65) lde% — de Pyl < C(H + At).

3.3. Convergence Estimate of the Nonlinear Scheme. We now prove the following theorem
about the convergence of the above finite difference scheme:

THEOREM 3.6. Let Py, U% and Uy,n = 1,...,N be defined as in (19) - (21) with initial values
P =pu(t°,.). Assume (S1)-(S4) hold. Then, there ezists a positive constant C, independent of H and At
such that

N
(66) 1P = p"llv + {At Y K. [|U% — @[3} < C(H? + At).

n=1

Proof. Let ™ = Pp — P%,n" = Uy - QZ,E” = U4 — U} and o = P} — p". Subtracting
(di Py, w) + (V- Uy, w) from both sides of (19) and using equations (23) and (16) we have

(dt’yn7w) + (V : £n7w) = (fn’w) - (V : Qg,w) - (dtﬂz’w)
ZL:U)) - (dtpn7w) - (dtan7w)
(67) = (€n7w) - (dtanaw)7 w € W,

where € is a time truncation term. Subtracting (24) from (20) results in
(68) (Tlnav)TM = ('yn7v'v)a VEV}(},
and subtracting (25) from (21) gives

P") 0%, v)r — (K(Pu(p™) U, v)r
Pi))n",v)r + (K (Pu(Pi)) = K(Pu(P5))) Uy, v)r

(69) —((E(Pr(p") = K(Pu(P;)) Uy, v)r, v € Vir.

(&",v)rm = (K(Pu

Letting w = 4" in (67), v =£€" in (68) and v =n" in (69) gives

(70) (dy",7") = =(V-£"7") + (€",7")m — (dia™,7"),
(71) (", &)t = (", V-£"),

(€™ n")rn = (K(Pu(Pp))n" n")r + (K(Pr(Pg)) — K(Pr(Py) Uy, n")r
(72) ~((E(Pr(p") = K(Pu (L)) Ty, n")r-

Combining equations (70)-(72), applying the Cauchy-Schwarz inequality and (15) we have

I s = I R+ K (P (PR 2

< (@ " + K (Pa () 0 I

< (" = (da” " + (K (Pu(p") = K(Par (P3) Ty, 0"
—(K(Pu(Pj)) = K(Pu (i) Ty,

< LI B+ I s+ Llldia s + CNK (P (7)) — K (P (B )T 1
+CIN(K (P (Pi)) = K (Pu (Pi) T3 I + 8l o,
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where § < K. /2.
Now,

.

1 1

leis| = _At|/ pee(i, s, t) (¢ — t")dt] < |lpee(zi, Y5, lp2 (gn-1,4m) (D) 2.
n—1

(73) €7 11% < A HE HY Ipec (@i, v, 72 (1 -1,0m)-

ij
By the triangle inequality and Theorem 3.3,
ldea™ (% < C(H* + At?).
By (S2), the definition of Py and Theorem 3.3

(74) (K (Pr(p")) = K(Pu(P}) Uy Ik < Clip" — Py |k < CHY,
(75) (K (Pr (Pii)) = K(Pr(Pi) Uyl < CIY" Ik,

where we have used the boundedness of |[U} || as per Remark 3.1.
Multiplying by 2At, bringing the §||n™||%y term to the left-hand side, summing on n,n = 1,..., N,
using (73)-(75) and applying Gronwall’s Lemma gives,

N
I IR = 801+ At S K Pa (PR 0 I

n=1

N N
<CALY (" Ik + ldsa™ [ + lla"IR0) + CH* + CA Y " [l

n=1 n=1

< C(AF + HY).

The proof is completed by applying the initial conditions on P and P9, Theorem 3.3 and the triangle
inequality. O

4. Fine Grid Linear Scheme. We now consider a linear cell-centered finite difference scheme on the
fine grid where we make use of the nonlinear solution on the coarse grid.
We solve the following problem for P* € W;,, U} € V;, and U} € V# at eachn=1,...,N,

(76) (dePy,w) = =(V - Up,w) + (f*, w),w € Wh,
(77) (i, v)rm = (P, V- v),v €V,
(UL, v)rm = (K(Pr(Pg)) 0%, v)r
(78) +(Kp(Pu(Pp))Qu (U ) (Pu(Pi) — P (Pg)), V)T, v € Vi

We define Qp (i) as a vector quantity with entries Q% (4*) and QY (4”). The entry Q% (4”) is defined
from the values of @, ,; for i = 0,...,N;, and j = 1,..., N, as follows. For points (,y) such that
T2 <@ <Tipi2i €41, Noband y; <y <wyjt1,j5 € {1,..., Ny}, we take QF (@") to be the bilinear
interpolant of @5 ;, Ui 1/2 ;5 U;—1/2 j41 and @54 1/5 ;1. This leaves a strip half a cell in height along the
top and bottom of the domain. We will consider the bottom strip. For ¢ =0,...,N,, we set

(2HY + Héy)afﬂ/z,l - Hlyaf+1/2,2

QF (@") (it1/2,Y1/2) = Y + HY
1 2
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Now, for points (z,y) such that z; 1/, <& < xiq1/9,1 € {1,.. ,]\Afm} and y1/2 <y < y1, we let QF (4”)(z,y)
be the bilinear interpolant of Q% (4")(zi-1/2,Y1/2), Q (8" )(Tit1/2,Y1/2), U172, and @7, ;. An analo-
gous defintion is made along the top strip of the domain. The definition of Q% (4") is similar to the above,
except that the strips are along the left and right sides of the domain.

We have the following lemma for the approximation error of Qg,

LEMMA 4.1. If each component of G is twice differentiable, then for Qu (@) defined above,

1Qn (@) — il < CH”.

Proof. By Taylor’s theorem we have that the two point extrapolation for the boundary points described
above is O(H?) accurate. Thus, since bilinear interpolation is also O(H?) accurate, the lemma, is proven. 0

We now prove the following theorem about the convergence of the above linear finite difference scheme,

THEOREM 4.2. Let PP, U} and Ul,n = 1,...,N be defined as in (76) - (78) with initial values
P = pn(t°,.). Assume (81)-(S4) hold and that H and AtH~%? are sufficiently small. Then, there exists a
positive constant C, independent of h, H and At such that

N
(79) 1P = p™ e + {At Y KL|[OF — &[5}/ < C(H* " + 0% + At).

n=1

Proof. By Section 3 we can define P} € Wh,QZ € Vi and Uy € V' at each n = 1,..., N satisfying
equations (23)-(25) and Theorem 3.3 on the fine grid.

Let v* = Py — P}, n" = ﬁz - QZ,{” = Uy — U} and o” = Py — p". As done in Theorem 3.6, we
subtract (d: Py, w) + (V- U}, w) from both sides of equation (76) and combine with equation (23) applied
to the fine grid. We also subtract (24) and (25) from (77) and (78) to give the error equations,

(80) (dy",w) = —(V-£",w) + (", w) — (dia", w),
(81) (", v)rm = (v", V- v),
(€",v)rm = (K(Pu(Pg)) 05, v)r — (K(Pi(p™)T,,, v)r
(82) +(Kp(Pu (Pp)Qu (O%) (Pu(Pr) — P (Pi)), v)r.

Using Taylor’s Theorem, K (P, (p™)) can be written as

K(Pr(p")) = K(Pr(Prr)) + Kp(Pu (Pi))(Pr(p”) — Pu (Pi))

+KppTwn)(Ph(p") = Pu(Pi)),

where 0" is between Py (p"™) and Py (Pf).
Using this expression in (82), adding and subtracting (K, (Pu(Pp))Qu(U%)Pu(p™), v)T we have

(&",v)rm = (K(Pu(Pg))n",v)r

(K (Pu(PR)) (Qu (T) — T)(Pap™) ~ Pu(PR)), V)
O (P (PR)) Qur (T (Pu(PE) = Pap™), v)r
+( B p, o) — PP T} )

Let w =", v=£" and v =n" in (80), (81) and (83), respectively, and combine to give

1 -
s I = 1P+ Kl 1
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IA

(@, 7") + K (P (P) " [

S+ "I + Slldea™ |2 + 8"

FOIK (P (PR (@i (T) — T} (Pa™) — Prr (PR3
OIS (P (P) Qo (T3 (Pu(PE) = P (e

(83) +01 5 (p, ) — P (PR T I

AN

where § < K. /2.
We will consider the last three terms of (83). The first of these can be bounded as follows.

1K, (Pr (Pi))(Qa (Uhh) = T) (Pu(p™) = P (Pi))II
(84) < C1Qu(Uk) = GullamlIPr(p™) — Pu (P12,

where we can write,

191 (T%) = Ty llin < 1Qm(T) — Qur(@")fon + 1Qm (8") — & |7

H@" = Ty It

Since Qn (T:I}}) is a bilinear interpolant of terms that can be expressed in terms of nodal values of U on

the coarse grid, it can be shown that,
191 (T%) — Qu(@")|lrm < CII0% — & [|7ar,a,

where || - ||rm,z denotes the midpoint by trapezoidal norm on the coarse grid. We also have ||Qg(@") —

@"||3y < CH"* by Lemma 4.1. In order to bound the second term in (84) we write it as,

1P(e") = Pr(Pi)% < |1Pa(Pp) — Pr(e™)l% + I1Pa (") — p" 1%
Hip"™ = Pr(e")ll%-

By the definition of Py, the equivalence of norms on the space Wy, and Theorem 3.6, we have

n n C n i
1P (PR) = P < 22717 = 0" e

< CH (H* + At?),

where d is the space dimension. By Lemma 3.1, we have || Py (p") —p"||% < CH* and ||Py(p")—p"||% < Ch*.
Thus,

| Kp (P (Pi)(Qu (%) — T)(Pu(p™) — Pu(Pi))|IT
(85) <C(|0% — " |rm,m + 10" — Oy |7 + HYH + H AL +1%).

The second to last term in (83) can be bounded by,

| Ko (P (PE))Qu (UF)(Pu(PR) — Pu(@™)i

< CNORNZNIPL P = Pu(@™) 1

< CH O — a"|3m + 1T 12) (1P = Pyl + 12y — p" %)
(86) < CH O — a7 + O) (V" II* + Y).
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The last term in (83) can be bounded by,

15 ooy — P (P01

< OlIPr(p") = Pu(Pip)l2%1Pr(p") — Pu (Pi)|%
<SCH" 4+ H A + bYW + H + ||p" — PE|n)
< CH" 4+ H AL + 1Y) (W' + H* + A)

(87) < CH+h* + A + HT ' A + H™ALY).

Combining equation (83) with equations (85)-(87), taking the §||n™||* term to the left side, multiplying
by 2At and summing over n,n =1,..., N* where N* is the time step at which ||y"|| achieves its maximum

value gives,

N*

.
PP = 9+ A Ko™l

n=1

N* N*
ALY (€M + lldea™(P) + CAt Y [y

n=1 n=1
.
+C(H*™ "+ HALC + 1A (0% — 6" |[fam + 18" — Ty [ + H)
n=1
-
+C( + YV M)A H T — @)
n=1
+C(H* +h* + A + HR*At> + H 7 AtY).

Recalling the bound on €", using Theorem 3.3 and recalling the initial conditions on Bg and P} gives,

-
PV + AT Kl < CHS + h* + A+ H'B At + H™OALY)
n=1
-
+CALY | IP + CI N P (H Y + H AP,
n=1

We can choose H and At such that H*~¢ + H ¢A¢? <

side. Applying Gronwall’s Lemma gives

%, and the last term can be moved to the left-hand
N

VY17 + ALY K" i < CHS + 1" + AF).

n=1
Applying Theorem 3.3 and the triangle inequality give the desired result. O

5. Conclusions. We have presented and derived error estimates for a two level finite difference scheme
for nonlinear parabolic equations. Through the use of the P, Py and Qg operators, we have taken advantage
of superconvergent node points and have shown optimal order convergence in both H' and L? for the coarse
and fine grids.

We remark that we have only considered the case of Neumann boundary conditons and a diagonal
tensor K. The expanded mixed method employed here was developed in order to handle a full symmetric
tensor for K. However, in the case of a full tensor, convergence may be lost on the boundary. In this case
we can show a coarse grid estimate of H” 4+ At and a fine grid estimate of h” + H*"~%2 4+ At, where r = 2 if

K is diagonal and no Dirichlet conditions are enforced, r = 3/2 if K is diagonal or the grids are generated
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by a C? map, and r = 1 otherwise for 2 dimensions and no convergence otherwise for 3 dimensions. These
estimates for a full tensor use the inverse estimate and may be improved through the derivation of explicit
L estimates. The loss of convergence due to the boundary is shown for the expanded mixed method in [1].

The estimates derived in this paper use the inverse estimate to bound L norms in terms of L? norms.
As a result, our estimates may not be as sharp as possible. However, no better L* estimates exist at this
time for the expanded mixed finite element method.

The two level scheme described above could be extended by adding more levels and expanding about the
next coarser solution in the nonlinear term at each new level. This corresponds to adding more Newton-like
iterations with each iteration taking place on the next finer grid. This possibility is under investigation.
We are currently implementing these two-level methods for equations of interest to flow in porous media.

Computational results for this work will be contained in later papers.
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